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Abstract 

The extended M^-algebra of type s[2 at positive rational level, de- 
noted by M.p^^p_, is a vertex operator algebra that was originally 
proposed in |FGSTbj . This vertex operator algebra is an extension of 
the minimal model vertex operator algebra and plays the role of sym- 
metry algebra for certain logarithmic conformal field theories. We give 
a construction of Mpj^_^p_ in terms of screening operators and use this 
construction to prove that Mp^^p_ satisfies Zhu's C2-cofiniteness con- 
dition, calculate the structure of the zero mode algebra (also known 
as Zhu's algebra) and classify all simple A^p^,p_ -modules. 
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1 Introduction 



The theory of vertex operator algebras (VOA), which was developed by 
Borcherds |Bor] . is an algebraic counter part to conformal field theory and 



gives an algebraic meaning to the notions of locality and operator product 
expansions. For general facts about VOAs we refer to |FBZl INTaj IMNTj . 

Examples of conformal field theories on general Riemann surfaces for 
which vertex operator algebraic descriptions are known, are given by lattice 
VOAs, VOAs associated to integrable representations of affine Lie algebras 
and VOAs associated to minimal representations of the Virasoro algebra. 
The abelian categories associated to the representation theory of all these 
examples are semi-simple and the number of irreducible representations is 
finite. 

In order to define conformal field theories over a Riemann surface as- 
sociated to a VOA, the VOA needs to satisfy certain finiteness conditions. 
Zhu found such a finiteness condition |Zhu] . which is now called Zhu's C2- 
cofiniteness condition. For a VOA satisfying Zhu's C2-cofiniteness condition 
it is known that the abelian category of its representations is both Noetherian 
and Artinian. Additionally the number of simple objects is finite. In general 
this abelian category is not semisimple |Zhut IFZj . though so far the semi- 
simple case is much better understood. Conformal field theories associated 
to VOAs with a non- semisimple representation theory are called logarithmic 
or non-semisimple. 

Examples of VOAs which satisfy Zhu's C2-cofiniteness condition but not 
semisimplicity are given by so called Wp theories for which the representation 
category is by now well established [SKI OEl Mai [NTbllTW] . 

In this paper we analyse a different example which generalises the Wp 
theories. This example was originally defined in [FGSTbj and was called 
Unfortunately the letter "W" is rather overused in this context, so 
we will denote these VOAs by A^p+,p_ and call them "extended VT-algebras 
of type st2 at rational level". 

The A4p^^p_ are a family of VOAs parametrised by two coprime integers 
p+,P- > 2. They are defined by means of a lattice VOA Vp^^p_ and two 
screening operators S+, The Aip^^p_ have the same central charge 



c =1 — 6 



P+P- 



as the minimal models. However, the Virasoro subtheory of A^p+,p_ is not 
isomorphic to the minimal model VOA MinVirp^^ ; rather, the minimal 
model VOA MinVir^^ p is obtained from A^p_^,p_ by taking a quotient. 
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A number of results in this paper have already been described in |FGSTb] . 
In |FGSTb] the construction of integration cycles, over which products of 
screening operators are integrated, are described by using a Kazhdan-Lusztig 
type correspondence between the homology groups on configuration spaces 
of points the projective line with local coefficients and quantum groups at 
roots of unity. However, this correspondence is not yet well understood in 
this case [KLat IKLbt IKLct IKLdt IFGSTaj . The motivation for this paper 
was to reformulate the setup of [FGSTb] in a way intrinsic to VOAs without 
any reference to quantum groups. By developing VOA techniques, we have 
succeeded in not only proving the results of |FGSTbj but also going beyond 
that paper. 

We introduce free field VOAs over the discrete valuation ring O = C[[£:]] of 
formal complex power series. We discuss their representation theory, screen- 
ing operators and the construction of cycles on which products of screening 
operators can be integrated. These integrated products of screening opera- 
tors define intertwining operators of the Virasoro action on free field modules 

- called Fock modules - over O, which allow us to explicitly compute all the 
data required for analysing the VOA structure of Aip_^_^p_. Thus we are able 
to analyse the zero mode algebra of A^p_|_,p_ and prove that A^p_,.,p_ satisfies 
Zhu's C2-cofiniteness condition. For p+ = 2 and p- odd, the C2-cofiniteness 
of Aip^,p_ has already been shown |AMb] . 

The results of this paper form a necessary starting point for studying 
problems such as the A^p^,p_ representation theory; the Kazhdan-Lusztig 
correspondence between A4p^,p_ and quantum groups; and conformal field 
theories with M.p^^p_ symmetry on the Riemann sphere and elliptic curves 

- as was done in [BPZl ITKb] for the semi-simple case - and more generally 
on moduli spaces of point genus g stable curves. 

This paper is organised as follows: In Section [2] we introduce some basic 
notation and definitions. We define VOAs with an emphasis on the Heisen- 
berg and lattice VOAs as well as their screening operators. We also briefiy 
explain how to construct the Poisson and zero mode algebra associated to a 
VOA as well as their implications for the representation theory of a VOA. 

In Section [3] we construct cycles over which products of screening opera- 
tors can be integrated. These integration cycles are elements of the homology 
groups of configuration spaces of points on the projective line, with local 
coefficients defined by the monodromy of products of screening operators. 
Due to so called resonance problems homology and cohomology groups with 
these local coefficients exhibit very complicated behaviour |OTl I Var J . To 
overcome these complications we deform the Heisenberg VOA, including its 
energy momentum tensor and screening operators, and construct the theory 
over the ring O and its field of fractions /C = C((5)). The problem is thus 
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translated into constructing well behaved cycles such that all matrix elements 
of integrals of products of screening operators lie in O rather than /C. We 
show this by using the theory of Jack polynomials [Mac] . By setting e = 
we then obtain integration cycles over C for products of screening operators. 

In Section |4] we construct all the singular vectors of Fock modules of the 
Virasoro algebra at central charge Cp_^^p_ and give a complete decomposition 
of these Fock modules as Virasoro modules. The theory of Fock modules of 
the Virasoro algebra at central charge Cp^,p_ was developed by Feigin and 
Fuchs |FFat IFFbt IFFcj . By means of the p+-th divided power operator S^^'^ 
and the p_-th divided power operator S*!?"' we define intertwining operators 
E and F, called Frobenius maps. The maps E and F as well as their com- 
mutator H = [E, F] are crucial to making calculations in A4p_^_^p_ tractable. 

In Section |5] we show that the Frobenius maps E, F, H can be extended to 
be primary fields E{z), F{z), H{z) of conformal dimension 1. We call these 
fields Frobenius currents. By using the properties of the Frobenius currents, 
we analyse the structure of Aip^^p_ as a module over itself. Then we can 
calculate the structure of the zero mode algebra of Aip^^p_ and show that 
-A^p+,p_ satisfies Zhu's C2-cofiniteness condition. Finally we show that there 
exist a total of — — 1) + 2p+p_ simple A^p_|_^p_ -modules. Of these 
simple modules ^{p+ — — 1) are isomorphic to the simple modules of 

the Virasoro minimal model VOA MinVirp^ p_, the remaining 2p^p_ simple 
modules are specific to A^p_,.,p_. 

In Section [6] we give our conclusions and state a list of future problems and 
conjectures associated to conformal field theories with A^p^,p_ symmetry. 
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2 Basic definitions and notation 

In this section we review basic definitions and notation for VOAs, in partic- 
ular Heisenberg and lattice VOAs. 

2.1 Vertex operator algebras 

For a detailed discussion of vertex operator algebras see |FZl INTal IMNT] . 

Definition 2.1. A tuple {V,\0),T,Y) is called a vertex operator algebra 
(VOA for short) where 

1. V is a complex non-negative integer graded vector space 

oo 

V = ^V[n], 

n=0 

called the vacuum space of states. 

2. |0) G V[0] is called the vacuum state. 

3. T E V[2] is called the conformal vector. 
4- Y is a C-linear map 

Y -.V ^Endc{V)[[z,z-']] 
called the vertex operator map. 
These data are subject to the axioms: 

1. Each homogeneous subspace V[n] of the space of states is finite dimen- 
sional and in particular V[0] is spanned by the vacuum state. 

2. For each A E V[h] there exists a Laurent expansion 

Y{A;z) = A{z) = J2A[n]z-''-\ 

where Y{A; z) is called a field and the A[n\ are called field modes. Then 

Y{A;z)\0) - Ae V[[z]]z 

and 

Y{\0);z)=idv . 
This is called the state field correspondence. 
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3. The field modes of the field corresponding to the conformal vector 

Y{T;z) = T{z) = Y,LnZ-''~\ 

nez 

satisfy the commutation relations of the Virasoro algebra with fixed 
central charge c = cy 

[Lm, Ln] = (m - n)Lm+n + ^("^^ ~ m)5m+n,o ■ 
The field T[z) is called the Virasoro field. 

4. The zero mode of the Virasoro algebra Lq acts semi-simply on V and 
and the eingevalues of Lq define the grading of V , that is, 

V[h]^ {AeV\LoA^hA} . 

5. The Virasoro generator L_i acts as the derivative with respect to z 

^Y{A■,z) = Y{L_^A■,z), 
a z 

for all AeV. 

6. For any two elements A,B & V the fields Y{A; z) and Y{B; w) are 
local, i.e. there exists a sufficiently large N & Z such that 

iz-wf[Y{A;z),Y{B;w)]=Q, 

as elements of End{V)[[z, z~^ ,w,w~^]]. 

7. For a homogeneous element A e V[h] and an element B &V the fields 
Y{A;z) andY{B;w) satisfy the operator product expansion 

Y{A; z)Y{B; w) = Y{Y{A; z - w)B; w) 

= J2 YiA[n]B; w){z - w)"""'* . 

When there is no chance of confusion we will refer to a VOA just by its 
graded vector space V. 

Remctrk 2.2. 1. For A e V[h] the Virasoro generators Lq and L_i satisfy 

[L_i, A[n\] ^-{n + h- l)A[n - 1] 
[Lo,A[n]] = -nA[n\ . 
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2. The operator product expansion of the Virasoro field with itself is 

T{z)T{w) = + + -^dT{w) + 0{1) . 

[z — [z — wy z — w 

3. For any homogeneous element A E V[h] such that LnA = for n > 1, 
the operator product expansion of the Virasoro field with Y{A; z) is 

T{z)Y{A-w) = , ^ ., Y{A-w) + -^dY{A-w) + 0{l) . 
yz — wy z — w 

Such fields Y[A-^ w) are called primary fields. 

Definition 2.3. A VOA module M is a vector space that carries a repre- 
sentation Ym 

Ym-.V ^Y.ndc{M)[[z,z^-]], 
of the vertex operator Y , such that for all A^B^V and C & M 

1. Ym{A,z)C eM{{z)), 

2. Ym{\Q)]z) — idM; is the identity on M, 

3. Ym{A; z)Ym{B; w) = Ym{Y{A; z - w)B; w) . 

Let 0{V) be the vector subspace of V spanned by vectors 

AoB = Res,=o Y{A; z)B ^^ dz = ^ {^^\ A[-n - l\B , 

^ n=0 V ^ / 

for A e ^[/iyi]; B & V. Furthermore, let A * 5 be the binary operation 
A*B = Res,=o Y{A; z)B ^ ' d ^ = ( J A[-n]B . 

^ n=0 ' 

Proposition 2.4. The space AziV) = V/OiV) carries the structure of an 
associative C algebra. Let [A], [B] e Az denote the classes represented by 
A,BeV, then the multiplication in Az{V) is given by 

[A].[B] = [A*B]. 

1. The unit of Az is the coset of the vacuum state 1 = [|0)]. 

2. The coset of the conformal vector \T] lies in the centre of Az. 



3. {Lq + L_i)A e 0{V) for all AeV. 

4. There is a 1 to 1 correspondence between simple Az -modules and simple 
V -modules. The simple Az -modules are isomorphic to the homogeneous 
space of lowest conformal weight of the corresponding simple V -module. 

5. For A e V[hA], BeVandm>n>0 

Res,=oY{A;z)B^-—^^^dz eO{V). 
z 

There is an equivalent definition of Zhu's algebra as a quotient of the 
algebra of zero modes. Let 

U{V)[d]^{PeU{V)\[Lo,P]^-d} 

be the graded associative algebra of modes of all the fields in V. Furthermore, 
let 

Fp{V)^^U{V)[d] 

be a descending filtration of U (V) and let 

I = F_,{V)-U{V) 
be the closure of the U{V)-ngh.t ideal generated by F_i(y), then 

i^inFoiV) 

is a closed two sided Fo{V) ideal. 

Definition 2.5. The zero mode algebra is the quotient algebra 

Ao{V) = Fo{V)/I. 

Proposition 2.6. 1. There exits a canonical surjective C algebra homo- 
morphism 

UiV)[0]^AoiV) 

which maps an element P G ?7(y)[0] C Fo{V) to its class in the zero 
mode algebra Ao{V) = Fq{V)/F 
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2. There exists a well defined canonical isomorphism of C algebras from 
Zhu's algebra Az{V) to the zero mode algebra Aq{V), such that for 
AeV 

Az(V) ^ Ao(V) 
[A] ^ [A[0]] . 

Remcirk 2.7. Since the zero mode algebra and Zhu's algebra are canonically 
isomorphic, we identify these two algebra and denote both by Aq{V). For 
A &V we denote the corresponding class in Ao{V) by [A] — [A[0]]. 

Let C2{V) be the subspace of V given by 

C2(V) = span{A[-(/iA + n)]B\n > 1} . 

Definition 2.8. The VOA V is said to satisfy Zhu's C2-cofiniteness condition 
if the quotient 

V/C2{V) 

is finite dimensional. 

Proposition 2.9. The quotient space p{V) = V/c2{V) carries the structure 
of a commutative Poisson algebra. Let [A]p, [B]p be the cosets of A & VIHa] 
and B E V, then the multiplication and bracket are given by 

[A], ■ [B], = [A[-hA]B], , 
{[A],,[B],} = [A[-hA + l]B],. 

Remark 2.10. The space 0{V) is not spanned by homogeneous vectors there- 
fore Zhu 's algebra is not graded, it is merely filtered by conformal weight. The 
space C2{V), on the other hand, is spanned by homogeneous vectors, so the 
Poisson algebra p{V) is graded by conformal weight. 

Let Fo{Ao{V)) C Fi{Ao{V)) C • • • be the filtration of Ao{V) by conformal 
weight, that is 

F,iAo{V))^\[A]\Ae^V[h]\ . 

I h=0 J 

Then the gradification of ^o(^) is the graded algebra 

Gr{Ao{V))^Y.G,{Ao{V)), 

where 

^0(^0(1^)) = Fo{Ao{V)), Gp{Ao{V)) = Fp{Ao{V))/Fp^^{Ao{V)), p>l. 
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Proposition 2.11. There exists a surjection of graded C algebras 



p{V) ^ Gr{Ao{V)) . 

For proofs of the properties of Zhu's algebra see |Zhul IFZj and for a proof 
of the existence of the canonical isomorphism between Az{V) and v4o(\^) see 

[HE]. 

2.2 The Heisenberg vertex operator algebra 

The Heisenberg VOA is a central building block for all the VOAs considered 
in this paper. Before we can define the Heisenberg VOA, we must first define 
the Heisenberg algebra and its highest weight modules, called Fock modules. 

Definition 2.12. 1. Let U{h±) and f/(bo) be Z-graded polynomial alge- 
bras over C given by 

f/(b±)=C[6±i,6±2,...] 
f/(bo) = C[bo] . 

The degree of bn is degip^) = —n. 

2. The associative Z-graded degree wise completed C-algebra U{b) is given 
by 

U{b) = f/(b_)®t/(b+) 

as a vector space, where <§) denotes the degree wise completed tensor 
product. The algebra structure on U{b) is defined by the Heisenberg 
commutation relations 

[bm, bn] = mSni-n " id , m, Ti G Z \ {0} . 

3. The Heisenberg algebra is the Tj-graded associative algebra U{b) given 
by 

U{b) = U(b) ® U{bo) 
and satisfies the commutation relations 

[bm, bn] = mSm-n " id , m, « G Z . 
Definition 2.13. Let /3 e C. 
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1. We define the left U{b) -module - called a Fock module. It is gener- 
ated by the state which satisfies 

bn\P)=0, n>l, 
bo\f3)=m, 

such that 

U{b.) ^ F^ 
P^P\/3) 

is an isomorphism of complex vector spaces. 

2. We define the right U{b) -module F'^ - called a dual Fock module. It is 
generated by the state {j3\, which satisfies 

(/9|&n = 0, n<-l, 



such that 



/3 

is an isomorphism of complex vector spaces. 
3. The two Fock modules F^^F"^ are equipped with an inner product 

F^xF^^C, 

defined by{/3\/3)^l. 
The parameter (3 is called the Heisenberg weight. 

Remark 2.14. Let b be the conjugate of bg meaning that it satisfies the 
commutation relations 

[bm,b] = Smfii ■ 

For each j E C, e^^ defines a Heisenberg weight shifting map 

e^^ : Fp ^ F^^^ , 

that satisfies 
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1. e^^|^) = |^ + 7), 

2. e^^ commutes with U{b-) and U{bj^). 
For ao e C let 

T=^(62_^-aoM|0)eFo. 

Proposition 2.15. The Fock space Fq carries the structure of a VOA, with 

y(|0);^)=id, 
y(6_i|0);z) = 6(z) = ^fe„z-"-\ 

neZ 

Y{T-z) ^T{z) ^]^{:h{zf : -aodh{z)) . 
We denote this VOA by J^^o = {Fq, \0),T,Y). 

Reiricirk 2.16. 1. In terms of Heisenberg generators the Virasoro gener- 
ators are given by 

-f'n = 2 X] • ^n-kbk ■ -^{n + l)hn ■ 

kez 

2. The central charge of is given by 

Proposition 2.17. 1. The Fock module F^ is an irreducible Ta^-module 
for all /3 e C. 

2. The abelian category of J^ao-'fnodules, Fao-i^od, is semisimple and the 
set of simple objects is given by {F^j^gc- 

3. The generating state \^) of F^ satisfies 

Ln\f3) = 0, n>l 

where 

hp = \m - «o) • 
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We introduce an auxiliary field f{z), which is a formal primitive of b{z) 

(f{z) = b + bologz-'y^ —2:"" 
^ n 

and satisfies the operator product expansion 

{p{z)ip{w) = log(z — w) + 0{1) . 
Definition 2.18. For all (3 E C, let Vp{z) denote the field 
Vp{z) =: e^^^'^ ■= e^''zP''%{z) 

where z^^° = exp(6o log(-2)). 

Problems arising from the multivaluedness of z^''^ will be resolved in Sec- 
tion H 

Proposition 2.19. For all (3 E C the fields Vfs{z) satisfy: 

1. For 7 G C the field Vpi^z) defines a map 

Vp{z):F,^Fp^,[[z,z-^]]zf'^ . 

2. The field Vjs^z) corresponds to the state \f3), that is, 

Vpiz)\0) - m E F4[z]]z . 

3. The field Vi3{z) is primary and satisfies the operator product expansion 

T{z)V,{w) = ^^%V-,H + -^dV.iw) + Oil) . 

[z — wy z — w 

4- For (3i, . . . , /3k E C the k-fold product of fields Vi3^{zi) satisfies the op- 
erator product expansion 

n V,, (w,) = e^^- n n (^^- - ^«)'''^' ■ n (^^) ■ ' 

i=l i=l l<j<i<fc *=1 

where : nf=i^ft('^«) • '^^ ^''^ element ofU{h)®C[zi,z'{'^,...^Zk-,z~^'^] 

k 
i=l 
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The Heisenberg algebra U{b) admits an anti-involution 

a : U{b) ^U{b) 

K H- Snflao - h_n , 

such that 

Remark 2.20. The Virasoro generator Lq is diagonalisable on the Fock 
spaces Fp. The eigenvalues of Lq define a grading of Fp 

n>0 

where 

F0[h] = {it e Fp\Lqu = hu} . 
The dimension of these homogeneous subspaces is 

dim Fplkp + n] = , 
where p{n) is the number of partitions of the integer n. 

Definition 2.21. The dual Fock module F^ is isomorphic to the graded dual 
space of Fp 

F; = 0Hom(F^[/t^ + n],C). 

n>0 

The anti-involution a induces the structure of a left Ub)-module on Fg by 

{bn^p,u) = {(p,a{an)u) 

for all n E Zi, ip E Fg, u G F^. We denote this left module by F| and call it 
the contragredient dual of Ff^. 

Proposition 2.22. Taking the contragredient defines a contravariant functor 

* : Tao-mod ^ J^a^-mod, 

satisfying 

such that {F^y = F^. 
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2.3 The lattice vertex operator algebra Vp^^p_ 

The lattice VOA Vp_^,p_ is defined for special values of the parameter ao 
and by restricting the weights of the Fock spaces to a certain lattice. Let 
> 2 be two coprime integers, such that 



2p_ 2p+ 

a+ — \ / q;_ — —\ 

P+ V P- 

P- a?. p+ 

ao = + a = p+Q!+ = — p_Q;_ . 

The parameters k,^ = kZ^ are called the level of Vp^^p_. This is the positive 
rational level mentioned in the title of this paper. Next we define the rank 1 
lattices 

Y = TL^Iv+V- X = Homz(r, Z) = Z . ^ . 

Both q;+ and q;_ lie in X and give rise to the parametrisation 

1 - r 1 - s 

Note that I3r,s = /3r+p+,s+p_ and we use the shorthand 

Pr,s;n — Pi — — Pr,s+np— ■ 

When denoting the weights of Fock spaces, we will only write the indices and 
drop the from Pr,s;n or Pr,s: that is 

^0r,s;n ~ ^r,s;n -I ^0r,s ~ ^r,s ■ 

Remcirk 2.23. 1. For ao — a+ + q;_ we denote the Heisenberg VOA by 
^p+,p- instead of J-^q- 

2. Taking the contragredient of a Fock space Fr^s;n reverses the sign of the 
indices: 

TP* TP 

^r,s;n ^ -r,-s;-n ■ 

Definition 2.24. The lattice VOA Vp+,p_ is the tuple (V[o], |0), |(a^i + 
o;o^2)|0), Y), where 
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1. the underlying vector space ofVp^^p_ is given by 

2. the vacuum and conformal vectors are those of Tp_^_^p_, 

3. the vertex operator map is characterised by 

y(|0);z) = id Y{\P);z)^V^{z), PeY 

y(6_i|0)) = biz) Y{T- z) = \: b{zf : +'^db{z) , 

Remcirk 2.25. The relations for the vertex operator map in the definition 
above uniquely define the VOA structure o/Vp_^,p_. 

1. The central charge of the Virasoro field T{z) is 

2. The zero mode of the Virasoro field T{z) is given by 

^0 = - ^aobo + ^ b^nK ■ 

n>l 

Therefore the conformal weight of the generating state \f3) of a Fock 
module is 

hp = - ao) . 

3. We define hr,s = h^^^^ , r,s E Z, then we have 

— 1 rs — 1 — 1 

Proposition 2.26. The abelian category Vp^^p_-mod of Vp_^_^p_ -modules is 
semi-simple with 2p^p^ simple objects. These simple objects are parametrised 
by the cosets of X/Y 

F,, (3 ex. 
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Remark 2.27. Using the (3r,s;n we parametrise the simple Vp_^_^p_ -modules as 

for 1 < r < p^, 1 < s < P-. In this notation Vjo] = V{^i. 

By the formula for conformal weights in Proposition 12 .171 the two Heisen- 
berg weights have conformal weight ha^ = 1 These are the only 

Heisenberg weights with conformal weight 1. We call the fields correspond- 
ing to \a±) screening operators and denote them by 

S^{z) =: e"±^(") : . 

Since ha± = 1, these fields define intertwining operators, that is, the map 

S± = j S±{z)<lz : V[o] V[„^] 

is C-linear and commutes with the Virasoro algebra. Note that since a± 
the fields S±{z) do not belong to Vp^^p_. We will later define the extended 
ly- algebra A^p^,p_ as the subVOA of Vp^,p_ given by the intersection of the 
kernels of 5+ and S-. 



v: 



V: 



3 Deformation of screening operators 

Over the course of this paper it will be necessary to consider integrals of prod- 
ucts of screening operators and not just the residues of individual screening 
operators. In order to be perform these integrals one needs to consider ho- 
mology groups of configuration spaces of N points on the projective line 
with local coefficients. It is necessary to use local coefficients because these 
products of screening operators are not single valued, but have non-trivial 
monodromies that are roots of unity. The homology groups with such local 
coefficients exhibit very complicated behaviour and in order to make them 
tractable we deform the Heisenberg VOA, that is, we deform its conformal 
structure and its screening operators. The associated local system then no 
longer exhibits monodromy at roots of unity and the homology groups of 
these deformed local system are very simple. After analysing the deformed 
case in detail, we will show that one can take a meaningful limit to the 
undeformed case. 
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3.1 Deformation of the Heisenberg vertex operator al- 
gebra 

Let O = C[[e]] be the ring of formal power series with coefficients in C and 
let /C = C((e)) be the fraction field of O. We enlarge the ground field C of 
the Heisenberg algebra U{b) introduced in Section [2l2] to the rings O and /C. 

Definition 3.1. Let ^U{b±) and qU {b±) he the Heisenberg algebra over IC 
and O respectively, that is 

^?7(b±) = /C[6±i,6±2,...] 
^t/(bo) = /CN 

= ®Kumd] 

^U{h)=^U{h)(d^^U{h,) 

and 

c,t/(b±) = 0[6±i,6±2,...] 
oU{b)=oU{b^)®ooU{K) 

oU{h)=oU{h)®ooU{^,)- 

The Heisenberg algebra over K. contains the O subalgebra qU {h) as an O 
lattice. 



We deform the parameters a± and k± as follows. Let 
a±{e) = af + a^^ + a^^e^ + ■ ■ ■ G C 
with = a±, 7^ and a^{e)a^{e) = —2. Furthermore, let 



We define the rank 2 abelian group 



and for (r, s) G Z 



2 



1 — r 1 — s 
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Definition 3.2. 1. For each (5 e qX we define the left j(JJ {h) -module 
;^Fg generated by \P) 

bnW) = 0, n > 1 

such that 

^U{b.)-^^Fp 

is an isomorphism of IC-vector spaces. 

2. Let (jFp be the subspace of j^F^ given by 

oF^ ^oU{bm- 

The energy momentum tensor and other fields are defined in the same 
way as in the previous section 



T{z) = \ : b{zf : +^db{z) 
Vf^{z) =: 



2 



with P now in O instead of C. By evaluating operator product expansions it 
follows that the central charge and conformal weights are given by the same 
formulae as before 

Cp+,p_(£) = 1 - 3q;o(£)^ e O , 
hffie) ^ iPiP - ao{e)) e O . 

Set hr,s{£) = hi3^,s{^), r,s eZ, then 

, / N - 1 , , rs - 1 - 1 , , 
hr,s{^) = -^K+{e) — + -^K-is) . 

Proposition 3.3. Let ^J^{p+,p-) = {^Fo,\0),l{bl^-ao{e)b-2)\0),Y), then 
f^T{p-^.,P-) has the structure of a VOA over the field K,. 

Proposition 3.4. For each A G o^o^ fi^^'^ Y{A]z) preserves the O 
lattice qFq of j^Fq , that is 

Y{A;z)eEndo{oFo)[[z,z-']]. 
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For each (r, s) e we use the shorthand ^ ^ = K^rs ^^'^ o 



o ^r,s ■ 



^r,s 



The two Heisenberg weights a±{e) have conformal weight haj.{s) — 1- 
Therefore fields 

S+{z) =: e"+(")'^^^) : 

define screening operators for K^J^{p^,p_). 

3.2 The construction of renormalisable cycles 

In this section we construct cycles over which we can integrate products of 
the screening operators S^{z) and S_{z). 
Consider the A'"-fold product of S±{z) 

1=1 1=1 l<i¥=j<N i=l 

where : a=i^±(^.) oU{b)^oO[[zt, . . . , z^]] 

i=l k>0 k>0 

Note that : Y[iLi^±{^i) '■ symmetric with respect to permuting the vari- 
ables Zi. 

Let r > l,s e Z, then if we evaluate the operator S+{zi) ■ • ■ S+{zr) on 
KFr,s we have 

r r r 

l[S+{z,) = e-+(^%.(^i,...,z.;/^_(e))n^r' : n^+(^^) " 

i 1=1 i 

where 

Ar(z„...,Zr;K4s))^ n (1 - |)'/'^-(^^ 

Analogously let s > 1, r e Z, if we then evaluate S-{zi) • • ■ S-{zs) on ^F^^ 
we have 

s s s 
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where 



As{zi,...,Zs;K+{e)) = JJ (1 



Zi_\l/K+{E) 



For the remainder of this subsection the goal will be to find cycles over which 
we can integrate the multivalued functions /^.n^Zi, . . . , zn] i^). 
Consider the N dimensional complex manifold 

Xn = {{zi, ...,ZN)e (C*)^; Zi ^ Zj for i ^ j} . 

and fix 

K = Kq + KiE + • ■ ■ G C 



with 



Then 



KoeC\ Q<o, /€i ^ . 



l<i^j<N 

defines a multivalued holomorphic function on X^- We define the single 
valued 1-form 



dzi 



u;,,{K) = dlogA^iz;n) = - ^^^^^ + (l - N)-^^ 

l<ij^j<N ^ J j=l * 

Then we can define the twisted de Rham complex (x:^Xjv5 ^<^]v(k)) 

V^^(«) = d+WAr(/t) A . 

For an introduction to twisted de Rham theory we refer the reader to |AKj . 
The differential Vtj^(K) defines the twisted de Rham cohomology groups 

as well as their (9-lattices 
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Let qCj^{k) be the local system over the ring O determined by the mon- 
odromy of A]y{z] k) and let qCj^{kY = }ioma{(^Cjy,0) be the dual local 
system. We also define 



By the theorem of twisted de Rham theory |AKt Chapter 2] 
and 

as /C-vector spaces. 

Since the symmetric group acts in a compatible fashion on both Xn 
and qCj^{k), the cohomology group /^H^{Xn, ^C^{k)) carries the structure 
of a finite dimensional representation of Sn- We can therefore decompose 
i^H^{X]y, ^C^{k)) into a direct sum of irreducible Sj^ modules. For any Sjsi 
module M, let M^^~ be the skew symmetric part of M. It is known that 
[Ml Chapter 2] 

^H^{Xn.^C^{k))=Q forp>iV, 
^H^{XM,o^^N{^^))=^ forp>iV. 

We are interested in the skew symmetric parts of the A^th cohomology groups, 
for which it is known that |Varj 

^H^{X^,^C^{K)f-- = lC 
^H^{XN,aC^{K))'-- = 0, 



and 



Next we sketch the construction of a cycle [r7v(«)] G i^Hj^^X^, i^Cn{i^)) 
that has a non-trivial component in ,^Hj^(Xn, K;^CN{fi))^'^~ ■ This construc- 
tion was first done in jTKa] . We merely summarise the argument. 

Proposition 3.5. There exists a construction of a cycle 
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such that 

N 



L 



1=1 



where cjv(ft) is a constant given by Selberg integrals 

-■^i-^^j^n f^^^ — ■ 

The construction of the cycle [AAr(/t)] is as follows. At first we set 

Yn-I = {{yu yN-l) e iC*f''\y^ 7^ y^ 7^ 1} 

Then there exists a holomorphic isomorphism 

C* X Yn-1 Xjv 
{z,yi,..., yN^i) {z, zyi, . . . , zy^-i) ■ 

This homomorphism commutes with Stv-i C S^. When written with respect 
to {z,yi, . . . yN) the multivalued function A^i^z, k) is given by 

N-l N-1 

^{y, = n (1 - ^^)'"^ n (y^ - y^y'^ n yt^""' ' 

i=l l<il^j<N-l i=l 

which is independent of z. So the homology groups on factorise as 

where f^C^^_i{K) is the dual of the local system on Yat-i determined by 
A]\}{y] k). It is known that |AK[ Chapter 2] 

^HjXYn-1, ic'^l-ii'^)) -> HI;\Yn-i, /c^Lil^^)) 

1 f — V 

is an isomorphism of homology groups, where if^ (Yat-i, y^^jy-il'^)) is the 
homology group of locally finite cycles with coefficients in jc^^N-ii'^)- Then 
we construct cycles 

[An-i]<^] e H^^^-_i{Yn-1, ic^"^ N-lil^)) 

An-1 = {l>yi> ■■■ yN-i > 0} C Y^-i , 
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where Lp is the principal branch of A7v(?/; /t) in Atv.i. Therefore there exist 
cycles [Ajv_i(k)] G yzHn-x^n-x-, k.^n~\{^)) which correspond to [A^r-i] by 
the above isomorphism. Such cycles were constructed in |TKaj by using a 
blow up Yn-\ Yn-x- Then \1\j^{k)\ G ^H^{Xj^, k'^n{i^)) is given by 

[AAr(K)] = Res^=o dz ® [An-i{k)] , 

that is, taking the residue in z and integrating along [Aj^_i{k)] where 

n N-l , 

/_ Ar,{y;K)Y\^ = CM{K) (3.1) 

is precisely the Selberg integral. 

Let [^{k)] be the renormalised cycle 

such that 

N 



[riv(«;)] i=i 

Definition 3.6. For f G /C[ 2^, . . . , z^]^'^ the cycle [Tiy^n)] defines a IC-linear 
map 

()^:/C[;.f,...,4]^--^/C 

hy the formula 

N 



Proposition 3.7. 1. (1)^ = 1 
2. (/)^ = z/deg/^0 

5. (/)^ = (7)f ^/^ere /(zi, . . . , = /(^r\ • • • , z],'). 
Definition 3.8. Let { ■, )^ he the bilinear IC-form 

( , )^ ■.]C[zi,...,ZNf'' ®icJC[zi,...,ZNf'' ^K: 

defined by 
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Following Macdonald's book [Mac], we will evaluate this bilinear form in 
the next section by using the theory of Jack polynomials. We will also be 
able to show that it defines an inner product of symmetric polynomials over 
O, that is 

3.3 The theory of Jack polynomials 

We introduce the theory of Jack polynomials following Macdonald's book 
[Macj Chapter 6]. Fix the parameter n to be 

K = Kq + KiE + ■ ■ ■ E O , 

such that G C \ Q<o and ki ^ 0. 

Definition 3.9. The rings of symmetric polynomials over O and K in N 
variables Xi are given by 

^Aj^ = lC[xi, . . . , xn]^'' o^n = 0[xi, . . . , XNf"" 

= /C[pi,...,p^] = e>[pi,...,p7v] 

where 

i>i 

are power sums. The symmetric polynomials /^A^ form a graded commutative 
algebra with degp„ = n. Rings of symmetric polynomials in different numbers 
of variables are related by the homomorphisms 

PN,M ■ tc^N ^ K^N 

Xi^ Xi i < M 
Xih^ i > M , 

where N > M. The ring of symmetric polynomials in a countably infinite 
number variables is given by the projective limit 

i^A = Jim ^A^ , 

N 

relative to the homomorphisms Pn,m- 

A convenient way of parametrising symmetric polynomials, is by parti- 
tions of integers. 
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Definition 3.10. A partition A = (Ai,A2,...) is a weekly descending se- 
quence of non-negative integers. We refer to 



i 

as the degree of A and to 

= #{A ^ 0} 

as the length of A. 

To each partition A we associate a Young diagram, that is a collection 
of left aligned rows of boxes where the ith row consists of A^ boxes. The 
boxes of a diagram are labelled by two integers (i, j), where i labels the row 
and j the column. For every partition A there is also conjugate partition A' 
which is obtained by exchanging rows and columns in the Young diagram. 
For example the conjugate of the partition (4,2) is (2,2,1,1). For a box 
s = in a Young diagram let 

axis) = Xi-j a')^{s)=j-l 
i,{s)^X'.-i e\{s)^i-l. 

Partitions admit a partial ordering > called the dominance ordering. For 
two partitions A, // of equal degree, A > // if and only if 



^K>^lJ'i: ri>l 



i=l i=l 

Two examples of bases of ^^^A parametrised by partitions are the power 
sums 



Pa = PAiPAz • • • 

and the symmetric monomials 

a i>l 

where the first sum runs over all distinct permutations of the entries of the 
partition A. In the case of symmetric polynomials in N variables one must 
restrict oneself to partitions of length at most N, since 

PN(mx)^0, iore(X)>N. 
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Definition 3.11. Let ( , )« &e the inner product of symmetric polynomials 
defined by 

( , : ®c ;cA ^ /C 

where 

i>i 

Proposition 3.12. For k = Ko + KiE + • • • G C such that Kq e \ Q<o and 

Ki 7^ 0, the symmetric polynomials admit a basis of polynomials called 
Jack polynomials P\ ( ) that satisfy 

1. {Px{x;k),Pi^{x;k))i^^O if Xj^ II 

2. Px{x]n) = Ea>m^^.m('«)"^m^ ^^s'^s ux,x{i^) = 1; ux,^,{n) e O and the 
partial ordering > is the dominance ordering. 

Definition 3.13. Let 

bx{K) = {{Px{x;K),Px{x; k)),)-\ 

then the polynomials 

Qx{x;n) = bx{n)Px{x]n) , 

form a dual basis to Px{x; k), such that, 

{Px{x; k), Q^,{x; k))^ = Sx,^l ■ 

Jack polynomials in an infinite number of variables satisfy some remark- 
able properties which we summarise in the following proposition. 

Proposition 3.14. 1. For k, — K,o + K,ie-\ e O such that G 0\Q<o 

and Ki ^ 0, the coefficients bx{K,) are given by 

, / X //„/ N NX N 1 T-r Ka(s) + i(s) + 1 

A 

and are units of O, that is, lim£^o^A('^) G C \ {0}. 

2. 

-i-r 1/ T-r 1 Pk{x)Pk{y) — , 

J] (1 - x,yj)-'/^ = n e«^^ = Yl 

i,j>l k>l A 
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3. Let Up he the /C algebra endomorphism of ^^A given by 
then the Jack polynomials satisfy 

4. Let Sx be the fC-algebra homomorphism defined by 

ex - K.^^K, 

Pr ^ X 

for any X & K,, then the Jack polynomials satisfy 

We return to symmetric polynomials in a finite number of variables. 

Proposition 3.15. 1. A partition A defines a non-zero Jack polynomial 
Px{x; k) e if^Aj^ if and only if i{X) < N. 

2. For the partition A = (m)^, that is a partition consisting of N copies 
of an integer m, the Jack polynomial Px{x; k) e ;^Ajy is given by 

N 

m 



P,(x;/.) = n^i 



i=l 

Definition 3.16. For the symmetric polynomials in a finite number of vari- 
ables, let { , )^ be the inner product 

( , )^ ^A^ ^ /C 

such that 

N 



if, 9)^= [ A^{x;K)fgl[^, 

where J = . . .,xj^^). 

Proposition 3.17. For two partitions A,// with £(A),£(/x) < N 

{Ka{s) + i{s) + k){N + a'{s) - f (s)) 



^ {Ka{s) + i{s) + 1){N+ {a'{s) + 1)k - £'{s) - 1) 
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As a direct consequence of the above proposition we have the corollary 
Corrolary 3.18. For k, = kq + kiE + ■ ■ ■ E O such that kq E O \ Q<o and 

1. the inner product ( , )k also defines an inner product on qA 

oA ®o ^ , 

2. the map 

J[riv(K)] 

preserves the O lattice, that is 



■ o 



where Sn— denotes the elements of the cohomology groups that are 
skew-symmetric with respect to the action of S^. 

3.4 Integrating on the O-lattice 

By Corollary 13.181 we have the following proposition 

Proposition 3.19. 1. For r > 1, s G Z the integration of the product of 
screening operators 111=1 over the cycle [rr(K+(e))] closes on the 

O lattice, that is 



i=l 



2. For r G Z, s > 1 the integration of the product of screening operators 
Y[i=i S-i^i) over the cycle [Ts^n^^e))] closes on the O lattice, that is 

p s s 

= / l[S4x,)l[dxr.oFr,s ^oK^-s ■ 



4=1 i=l 



Let 

o^i,i = ker(5+ : ^Fi^i ^ o^-i,i ) n ker(5_ : ^ oi^i,_i ) , 

then {qK^ |0), + Q;o(e)&-2)|0), 1^) carries the structure of a VOA over 
O and is an C-lattice of the VOA (^iTi^i, |0), \{h\ + ao(e)&-2)|0), F). 
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Remcirk 3.20. It is known that 

i^K,^,, \0),l{b'_, + ao{e)b.,m,Y) = 
as a VOA, however, as we will show later 

For each h e /C, let j^M{h) be the ^C/(>C)-Verma module with highest 
weight h. Then the following is well known. 

Proposition 3.21. 1. The Verma module j^^M (h) is not irreducible as a 
{C) module if and only if h — hr,s{^) for some r > 1, s > 1. 

2. For each (3 & K,, consider the left j(JJ {C) -module ^Fi^ , then there is a 
canonical j(JJ (C) -module map 

where Uhp is the highest weight state of ^Mj^^. This map is not an 
isomorphism if and only if (3 = /3r,s or (3 = (3-r-s for some r > 1, s > 1. 

Proposition 3.22. Letr>l,s> 1. 

1. The sequences 



O^^L{hrAe))^^F, 











-^K-F 

K, —r,s 











r-F 

K, r.s 


r-F 

K, r,—s 






^^Fr,- 



kF-t-s 



^^KF-r,s 

are exact as (L) -modules. 
2. The diagram 



K F—r,—s 



^L{h_r,-s{e)) 
^L{h^r,-s{e)) 





r,s 


'icF 


-r,s 


















irF 

K. r,—s 


'icF- 


r,—s 



commutes. 
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3. The maps 

are isomorphisms of left jqU {C) -modules. 
4- The {C) -module maps in\^preserve the O-lattices 

where 

oM{hr,s{e)) = oU{C)uh,,,i^,) G ^M{K,s{e)) 
aM{hrAe)y = ^}lomo{oM{hr,s{e))[hr,s{e) + d],0) . 

d>Q 

5. For each r > 1, s > 1 there exists a unique element 5*^,5 (k) & qU (/^<o) 
such that 



and 



satisfies 



Ln<yr.s{f^) =0, 77, > 1 

hr,s{£) + rs = hr-s{e) = h^r,s{^) ■ 

6. The conformal weight hrAe) + rs = hr-si^) = h^r,s{£) is precisely the 
conformal weight of ar^K), S^^^\l3r-s{^)) o,nd S'f^\l3_r,s{^)) ■ Under the 
identification 

^M{K,s)=KF-r,-s 

these three states are proportional to each other. 
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Propositions 13.21 1 and 13.22] are due to Feigin and Fuchs |FFa[ IFFb| IFFcj . 

Since the above maps S^j}, S*!!^ close on the O lattices, we can take the 
limit of e — )■ and obtain integrals of products of screening operators over C, 
which we will also denote by 5*+^ , 5*!*^ . These new screening operators define 
maps between Fock modules Fp, (3 E X. 

For each 7 G C \ {0}, let be the C algebra isomorphism 

: A ^ f/(b_) 
Pn{x) ^ 76_„, n = 1,2, . . . . 

Proposition 3.23. The action of the screening operators on |/3r,s) is given 
by 



1. For r > 1 and s G Z 



such that 



cH .TP V p 

• ^r,s ' ^ —r,s 1 



( s > 1 

Si \f3r,s) = < p^(Q(,).(x; K^))\/3r,-s) s < > 

I "+ 

where (s)*" is the partition consisting of r copies of s. 

2. For r and s >1 

cI*] .TP V p 

such that 

( r > 1 

I a- 

where (r)'' is the partition consisting of s copies of r. 

3. For r, s > 1 
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4 The structure of Virasoro modules at cen- 
tral charge Cp^,p_ 

The way in which Fock spaces decompose into Virasoro modules was deter- 
mined by Feigin and Fuchs in |FFat IFFbt IFFcj . For a more modern and 
detailed account see [IKj . In this section we will see how Fock-modules de- 
compose as Virasoro modules, calculate the kernels and images of screening 
operators mapping between Fock-modules and introduce infinite sums of ker- 
nels and images that will later turn out to be A^p^,j,_ -modules. 
Let 

£ = 0CL„©Cc, 
be the Virasoro algebra, where c is the central element. Furthermore let 

Xp+-p-f 



Cp+,p_ — 1 — 6- 



P+P- 



and let U (£) be the universal enveloping algebra of £ with c = Cp_^,p_ id. The 
Virasoro vertex operator algebra Virp^^p_ is given by the restriction of J^p+,p_ 
to the subVOA Virp^,p_ = ([/(£)|0), |0), + ao&2)|0), F). 



4.1 The category U {C)-inod of Virasoro modules at 
central charge Cp^^p 

The purpose of this subsection is to give a description of the category U{C)- 
mod and to give socle sequence decompositions of Fock-modules in terms of 
simple Virasoro modules. 

Definition 4.1. Let 

H = {hp\l3eX} 

he the set of highest conformal weights. Two non-equal Heisenberg weights 
E X correspond to the same conformal weight if and only if /3' = aQ — p. 

Definition 4.2. 1. For 1 < r < p+, 1 < s < p- let 

^r,s ^p-f-—r,p——s ^r,s;0 • 



2. The Kac table T is the quotient set 

T = {(r, < r < p+, 1 < s < p-}/ ~ , 
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where (r, s) ~ (r', s') if and only if r' — p+ — r, s' — — s. The Kac 
table is the set of all classes [(r, s)] such that the conformal weights /S.r,s 
are distinct. 

3. For 1 < r < p+, 1 < s < p_, n > let 



hpj^^p_ 


.;-2n 


r 


= p+, s = p_ 


hp_^_—r,p- 


.;-2n-l 


r 




^P+,P-- 


s;2n+l 


r 




hp+-r,s; 


-2n-l 


r 




^p+,p-; 


-2n-l 


r 


= p+,s = p_ 


hp^—r,p_ 


,;-2n-2 


r 


7^P+,S=P- 


^P+,P-- 


s;2n+2 


r 


= P+:S^ P- 


hp+-r,s; 


-2n-2 


r 


7^ P+, S 7^ P- 



Definition 4.3. Lei U{C)-Mod be the abelian category whose objects are left 
Virasoro modules and whose morphisms are Virasoro-homomorphisms, such 
that 

1. The central charge c is 

2. Every object M decomposes into a direct sum of generalised Lq eigenspaces 

M = M[h] 

M[h] = {ue M|3n > 1, s.t. (Lo - hy'u = 0} 

where dim M[h] < oo. For all h E C and there are only a countable 
number of h for which M[h] is non-trivial. 

3. There exists an anti-involution a : U{C) U{C) such that (7(L„) = 

4. For every object M e U{C)-mod, there exists the contragredient object 
M* 

M* = 0Hom(M[/i],C), 

hec 

on which a induces the structure of a left U{C)-module by 

{Ln<p, u) = ((/?, a{Ln)u), (fi e M*, u e M . 
Note that (M*)* ^ M. 
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Examples of objects of U (>C)-mod are 

1. Verma modules M{h), that is modules generated by a state Uh satisfy- 
ing 

LnUh = , n>l 
LqUh ^huh 

such that 

U{C-) M{h) 

P^PUh 

is an isomorphism of vector spaces, where U{C) is the universal en- 
veloping algebra of the Virasoro generators with negative mode number. 

2. Simple modules L[h), the simple quotients of the Verma modules M[h). 
Note that L{h) is isomorphic to M(/i), ior h ^ C\H. 

3. Fock modules for (3 E C Note that is isomorphic to M^hjs), for 

Definition 4.4. A socle series of a Virasoro module M, is a series of semi- 
simple modules Si{M), defined in the following way. Let 

= Mo C Ml C M2 C • • • 

be an ascending series of submodules of M, such that Si{M) = Mj/Mj_i, 
i > 1 is the maximal semi-simple submodule o/Mj_|_i/Mj_i, that is, Mj is the 
largest submodule of M such that Mi/Mi^i is semi-simple. The Si{M) are 
called the components of M. // there exists an element Mn of the filtration, 
such that, Mn — M and M„_i 7^ M, then we say that the socle series has 
length n. 

Definition 4.5. We define U {C)-mod to be the full subcategory ofU{C)-Mod 
such that for all objects M in U{C)-mod 

1. the socle series have finite length, 

2. the conformal weights h of the simple modules L{h), appearing in the 
components of M, are elements of H. 

Proposition 4.6. 1. For each (3 E X the Fock module F^ is an object of 
U {C)-mod. 
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2. There are four cases of socle series for the Fock modules Fr^s;r. 
(/) For l<r<p_|_, 1 < s < n & Ij, 

s;|n|+2A;+l j ; 

fc>0 

S2{Fr,s;n) = '^(^r,s;|n|+2fc) 

ffi '^(^p+-r,p_-s;|nj+2fc) ; 

k>l-a 

S'iiFj. s-n) = '^(^p+-r,s;|n|+2fc+l) ; 



fc>0 



where a = if n > and a = 1 if n < 0. 
(//+) For 1 < s < n e Z, 

>S'l(-Fp+,s;n) = ■^(^p+,p_-s;|n|+2A:+l) ; 

fc>0 

5'2(-P]9+,s;n) = ^ ^{hp_^_,s■,\n\+2k) , 

where a = if n > 1 and a = 1 if n < 1. 
(//_) For 1 < r < n G Z, 

,p_;n) — '^(^r,p_;|?i|+2A:) ; 

A;>0 

;|nl+2fe — 1 J ; 

k>a 

where a = 1 if n > 1 and a = if n < 1. 

(Ill) For n G Z, the Fock space Fp^^p_.n is semi-simple as a Virasoro 
module 

"S*! (-Pp_|_,p_;n) -fp-|_,p_;n •^(^p-|_,p_;|n|+2fc) • 

fc>0 

Figures [T] and [2] visualise the socle sequence decomposition of Fock mod- 
ules. 
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(I) Fr,s, 




■.+k 



Figure 1: The socle sequence of Fr^s;n for 1 < r < 1 < s < p_. The 
circles correspond to Si the squares and diamonds to S2 and the triangles to 
S'3. The arrows indicate that the Virasoro algebra generates the tip of the 
arrow by acting on the base. 



■A 

® 



® 
A 



Figure 2: The socle sequence for Fr^s;n when either r = p+ of s = p_. The 
circles correspond to Si and the triangles to S2. The arrows indicate that 
the Virasoro algebra generates the tip of the arrow by acting on the base. 
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(II-) -fp+,s;n 



n 



n 



>i A — ^©^ — A — ^©^ 

<1 ® — ^A — (3) — ^A- 



k\ hp^^p_—s-^—n+ki\_k^ hp^^s;—n+k 
(11+) -^r,p_;n 

/fcX hp^—r,p-;n+ki (^k^ hr^p_-^n+k 

n>0 @^ -A A- 

n<0 ^ A 

-n+k 



4.2 Kernels and images of the screening operators 5 S_ 

In this subsection we give the socle sequences of the kernels and images of 
the screening operators S^^^, S^^\ 

Definition 4.7. We denote the kernels and images of screening operators 
St\ ^i^' by 

1. For 1 < r < 1 < s < n e Z 

Kr,s;n;+ ^GT S_^_ . Fr,s;n ^ r,s;n+l 
-^p+—r,s;n+l;+ im jS.!. . -fr-,s;n ^ r,s;n+l 

2. For 1 <r <p+, 1 < s < p_, n e Z 

■^r,s;n;— — ker (S'_ . Fj-^g-^i ^ -^r,p_— s;n— 1 
-^r,p-—s;n—l;— — im jS'_ . Fj-^g-ji ^ s;n— 1 

3. For 1 < r < p+, 1 < s < p~, n e Z 

^r,p-;n ^r,p-;n;+ ^p+,s;n ^p+,s;n;— 

Proposition 4.8. For 1 < r < p+, 1 < s < p- the socle sequences of the 
kernels and images of the screening operators S+ and are given by 



k>l 

S2{Kr,s;n;+) — -f'(^r,s;n+2(fc-l)) , 

fe>l 

Sl{Xr^s;n+l;+) — -^(^r,p_-s;n+2fe) , 

k>l 

,s;n+l;+ 



fc>l 
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for n >0, 



for n < —1, 



r',p-— s;— n+2fc — 1/ ; 

fe>l 

s:~n+2k) 1 

k>l 

Sl{Xr^S]n+l;+) = -^(^r,p_-s;-n+2(fc-l)) 
fe>l 

>S'2(^r,s;n+l:+) = -^(^r,s;-n+2fc-l) , 



k>l 



Sl{Kr^S]n;-) — -^(^r,p_-s;n+2fc-l)) ; 

k>l 

S2{Kr^s;n;-) = -^(^p+-r,p_-s;n+2fc) ; 

k>l 

Sl{Xr^s;n+l;-) = -^(^r,p_-s;n+2(fc-l)) ; 

k>l 

S2{Xr,s;n+l;-) = -^(^p+-r,p_-s;n+2A:-l) ) 



k>l 



for n > 1, 

Sl{Kr^s;n -) = -^(^r,p_-s;-n+2fc-l)) ) 

k>l 

S2{Kr,s;n -) = -^(^p+-r,p_-s;-n+2(fc-l)) ; 

k>l 

Sl{Xr^s;n+l;-) = -^(^r,p_-s;-n+2fc) ; 

k>l 

S2{Xr,s;n+l-~) = -^(^p+-r,p_-s;-n+2A;-l) • 

k>l 

for n < 0. For r = or s = p- the kernels and images are semisimple and 
we have 

-^r,p—;n;+ ^r,p— ;?!;+ "S*! (-F!r,p_ ;n) -^p+,S]n;— -Xp^,S]n;— Sli^F^p^,s;n) ■ 

The following proposition is due to Felder [Fel] . 
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Proposition 4.9. 1. For 1 < r < 1 < s < p_ and n G Z i/ie screen- 
ing operator 5+ defines the sequence 

■ ■ ■ F 1 i-^- F — ^ F ^1 i-^- ■ • • 

This sequence is exact for s = p^. For 1 < s < p- it is exact everywhere 
except in -Fr,s;0) where the cohomology is isomorphic to 

Kr,s;0;+/ ^r,s;0;+ — -^(^r,s;o) • 

2. For 1 < r < p^, 1 < s < p^ and n G Z the screening operator 
defines the sequence 

^ Fr,'p_—s;n+l ^ Fj-^s,n ^ -fr,p_ — s;n— 1 ^ ■ ■ • . 

This sequence is exact for r = p^. Fori < r < p+ it is exact everywhere 
except in Fr^s;o, where the cohomology is isomorphic to 

Theorem A. Let 1 < r < p^, 1 < s < p^, all singular vectors of the Fock 
modules Fr^syn can be expressed as the images of the screening operators S+ 
and S- . 



1. The singular vectors at levels hr^p_-s-\n\+2k-i, k > are given by 
for n > and 



^-)- \h'p^—r,s; — l—2k—n/ t -rr,s;r. 



q[{k+l)p+~r]: n \ ^ p 

'-'+ \h'p+—r,s;—l—2k+n/ t J^r,s;n 

for n < 0. 

2. The singular vectors at levels hr^p_-s-\n\+2k~i, k > are given by 

r,[(fc+l)p_-s] I o \ p 

^- \Pr,p--s;2k+n+l/ t i'r,s;n 

for n > and 

ql(k-n+l)p--s], n \ ^ p 

iJ— \l^r,p——s;2k—n+l/ t -rr,s;n 

for n < 0. 

A weaker version of this theorem, that holds for S^j} ,r < p^ and S*!*^ , s < 
p^ or for the case when the monodromies of products of 5*+ and are not 
roots of unity, was already developed in |MY] . 
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4.3 From U {C)-inod to Alp_^,p_-mod 

The purpose of this subsection is to define certain infinite direct sums of 

\s] \s] 

kernels and images of S\_ , S_ which will turn later out to be modules of 

Definition 4.10. Let 1 < r < p^, 1 < s < p_ and n > 0. 

1. Let Kfg and he the direct sums of kernels and images 

■ Kj. g-2n "^r^s ~ -^r,s 



s;2n+l 



r,s 



2n+l 



2. Let Vj^g.„^ he the spaces of singular vectors of conformal weight Af^ 

K%n = {ue X^^^ILqU = Af^^u} . 

We call these spaces soliton sectors. The elements of V^^.„ are called 
soliton vectors. 

Remark 4.11. By Proposition \3. 2'^ there are two equivalent hasis of V^^.^ 
one in terms of 5+ 

' /T\ » (nq{{'n-+m)p+]\n \ 



e:;_„ C^f r=p^,s^p 



V: 



e 

©n 

e: 
e: 



C^r""'"^^'""^1/3p+-.,s;-2n-i) r^p^,s^p^ 



e 

the other in terms of S 



m=—n 

n q[{n+m+l)p+—r] 

m=—n + 

[{n+m+l)p+—r] 

m=—n 
n+1 
m=—n 
n+1 
m=—n 
n+1 
"m=—n 
\n+l 



cs. 



[(n+m)p4 



|/3p+-r,p_;-2n-l) T p+, S 
p^-—r,s;- 

|/3p+,p_;-271-l) 



r = p+, s = p_ 
r = P+, s ^ p^ 

|Pp+-r,p_;-2n-2/ ' TP+i^ 
[(n+m+l)p+— r] i 



(T c[("+»^)P+J I /P \ 
lUOj, |Pp+,s;-2ri-l/ 



~2n-2/ ' T P+-, ^ = P- 
' |/3p+-r,s;-2n-2) r 7^ p+, S 7^ p_ 







-m)p_]|o \ 
\h'p+,p-;2n/ 




r 


= P+ 


s 


= p~ 






-m+l)p„-s] 1 a 

|Pp+,P- 


-s;2n+l) 


r 


= P+ 


s 


T^P- 






-m)p_] 1 V 
|Pr,p_:2n/ 




r 




s 


= P- 








-s;2n+l) 


r 




s 


T^P- 






-m+l)p_]|o \ 
|Pp+,p_;2n+l/ 


r 


= P+ 


s 


= P- 


/Tsn+1 

^m=- 




-m+2)p„-s] 1 n 


-s;2n+2) 


r 


= P+ 


s 


T^P- 


/Tsn+1 




-»n+l)p_] 1 n 

\ yr,p- ;2n- 


hi) 


r 


7^P+ 


s 


= P~ 






-■m+2)p_-s] 1 n 

\Pr,p-- 


-s;2n+2) 


r 


7^P+ 


s 
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Proposition 4.12. As Virasoro modules the spaces KLf^ and decompose 
as 

1. For 1 < r < p+ and 1 < s < p_ 

/C+ = U{C) e L(A+ ^ J ® T/+;n 

n>l 

A'^ = L(A+ ^ J ® 

n>0 

n>0 

For r = p+ anc? 1 < s < p_ 

n>0 
n>0 

5. For 1 < r < p+ and s = p- 

n>0 
n>0 

4. For r — p+ and s — p^ 

^P+,P- ~ ^P+,P- " ^{^p+,p-:n) ® ^p+,p-;n 

n>0 

^p+,p- = ^p+,p- = 0^(Ap_^,p_:n) ^p+,p-;n 

n>0 

Proposition 4.13. For 1 < r < p+, 1 < s < p-, the /C^^ satisfy the 
following exact sequence as Virasoro modules 

/C+ ^ L{K,s-fi) . 

Definition 4.14. For I < r < p+,l < s < p_ let E, F : /C^, ^ /C^, 6e t/ie 
Virasoro endomorphisms characterised by the following action on the soliton 
sectors o//C^,. 
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1. On the basis in terms of the screening operator 5*+ of Remark \4-ll 



the map E acts by increasing the power of Sj^ by p^. For example 



2. On the basis in terms of the screening operator of Remark ^. i i 



the map F acts by increasing the power of by p_. For example 
We call the Virasoro endomorphisms E, F and H = [E, F] Frobenius maps. 



5 The extended VF-algebra Alp^,p_ 
5.1 Frobenius currents 

In this section the Frobenius maps E,F,H G End;7(£)(/C^^) of the previous 
section will extended to operators E{z), F{z), H{z) G Endc(/C+^)[[2;, 2;^-'^]] 

Theorem B. For 1 < r < p^, I < s < p- and X G {E, F, H} there exits a 
unique operator X{z) G End(/C+5)[[2;, z"^]] such that 

1- Xiz) = ZnX[n]z—\ 

2. X[0]=XGEndt/(£)(/C±), 

3. [L^,X{z)] = z^{zf,^ + {n + l))X{z), 

that is, X{z) G Eiadc{}Cfg)[z, z~^] is a primary field of conformal weight 1. 
We call X[z) the Frobenius current associated to X & End(7(£)(/C^^). 

Proof. We show the case ICf,, = K-i^^ = A^p+,p_. The other cases follow in 
the same way. Recall that as a [/ (£)-module Kf^ decomposes as 

/C+i = f/(£)|O)©0t/(£)V;, 

n>l 

where U{C)Vn = L{An) ® Vn- Furthermore the sequence 

L(Ao) ^ U{C)\S) L(0) ^ 

is exact as a sequence of U (£)-modules. Since X G {E, H, F} is a U{C)- 
module map and satisfies 

X = onf/(£)|0) 

X ■.UiC)Vn^U{C)Vn, 
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it is sufficient to show that for each n > 1 there exists an 

X{z) G End{U{C)Vn)[[z,z-^]] 

such that 

n 

and X[0]=X e Enduic){U{C)Vn) 

[Ln,Xiz)] = z^iz-^ + {n + l))Xiz). 

On U{C)\0) we set X{z) = 0. 

The existence of X[z) can be proved by using the principles of conformal 
field theory laid out in |BPZ] and Theorem 3.2 of |FFaj . The details are left 
to the reader. □ 

Theorem C. Let 1 < r < p+, 1 < s < J9_. For each X G {E, F, H} and A G 
ICii, the fields X{z), Y{A; z) are local to each other in Endc(/C^s)[[-z, z^^]]- 

Proof. At first choose A G ICii to be a highest weight vector of the Virasoro 
algebra. Then A has conformal weight or A„ for some n > and both 
X{z) and Y{A; z) are primary fields with respect to the Virasoro algebra. It 
follows from the principles of conformal field theory that X{z) and Y{A; z) 
are local to both each other and to the energy momentum tensor T{z) |BPZj . 
By Dong's Lemma [FBZ] it then follows that X{z) and Y{A; z) are local to 
each other for all A G /C]^i. □ 

Corrolary 5.1. 1. The adjoint action of the the Frohenius maps E,F,H 
define derivations of Aip^p_, that is, for X G {E,F,H} and A,Be 

[X,Y{A-z)]=Y{XA-z), 
[X, Y{A- z)Y{A- w)] = [X, Y{A- z)]Y{B- w) + Y{A- z) [X, Y{B- w)] . 



2. The adjoint action of the the Frohenius maps E, F, H define deriva- 
tions of the universal enveloping algebra t/(A^p+,p_), that is, for X G 
{E, F, H} and P,Q E U{Mp^,pJ 

[X,PQ] = [X,P]Q + P[X,Q] 

and for A G ICfi, n E 1^ 

[X,A[n]] = {XA)[n]. 
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Proof. Since X{z), X G {E,F,H} is local, it follows that the commutator 
of X and Y{A; z) is again a field of A^p^,p_, that is, there exists a. B E ICf-^ 
such that 

[X,YiA;z)]=Y{B;z). 
This B is uniquely determined by the operator state correspondence 

[X, Y{A; z)]\0) = XY{A; z)\0) =XA + zJClM]- 
Therefore B = XA. □ 

5.2 The algebra structure of Alp_^,p_ 

After studying the screening operators S+ and in the previous sections, 
we now turn to the extended W^-algebra A^p+,p_. 

Definition 5.2. The extended W -algebra M.pj^^p_^ = {JCii, \0),T,Y) is a suh- 
VOA ofVp_^_^p_, where the vacuum vector, conformal vector and vertex oper- 
ator map are those ofVp^^p^; and 

ICl^ = ker S+ n ker 5_ C V^^^ . 

We specialise some of the notation of Section |H 

Definition 5.3. 1. For n > let 

(^n = /3p+-l,l;-2n-l = «+ - + l)a , 
= /3l,p„-l;2n+l = «- + + l)a , 

such that a~ = a^^. The conformal weight corresponding to these 
Heisenberg weights is 

Ki;n = = ((^ + IK - mn + - 1) • 
We will abbreviate ^t^i-n ^n- 
2. Let A,^„^ and \~„^ be the conjugate partitions 

Xl^ = {{n-m+l)p^~lt+^^'^^^-' 
K,m = {{n + m + l)p+-li--^^'^^-'. 
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3. For n > and —n < m < n let Wn,m be the basis of the soliton sector 
^U;n given by 



T/f/ _ C<[('"+'"+l)P+-l]u+\ 
'^'^ n,m '-'+ I ' 



such that for n > 



Theorem D. The extended W-algebra Alp_,_,p_ is generated by the fields 
T{z),Y{Wiy,z) andY{Wi-i]z). FuHhermore 

1. The soliton vector Wo,o generates X^-^ as an Aip^ p_-submodule of JCf ^. 

2. The module X^ i is simple as an A4p_^_^p_-module. 

3. The quotient K^i/X^^ = L(0) is an irreducible A4p_^_^p_ -module on 
which Y{A; z) ^ for A e X^-^^. 

4- The sequence 

is an exact sequence of A4p_^_^p_-modules. 

In order to prove the above Theorem we first state the following proposi- 
tion. 

Proposition 5.4. 1. For n > and k > —1 

W^l -l[An+fc - An]Wn+k,l-n = ^n./k^^n -n 
Wi^l[An+k - An]Wn+k,n-l = bn,kWn,n , 

where 

_ -pr 2(2p+-l) + K_a-Gs)-f(g) 
11 ^.ia{s) + I) + i{s) 
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2. For m > Ai - Aq 



Wi^_i[m]Wij = 
Wi,i[m]Wi,^i = 



Proof. We consider the case W^i._i[A„_|_i — A„]lV„_|_i the remaining cases 
follow by the same argument. In terms of screening operators iyi__i[A„_|_i — 
An]Wn+i,i-n IS given by the 2;-degree A„ — A„+i — Ai term of 

/ S+{xi)---S+{xp^^i)V^+{z)dx S+{yi) ■ ■ ■ S+{ysp^^i)\a+^^) dy . 

The z-degree A„ — A„+i — Ai term of 

/ '5+(2/i)---^+(2/3p^_i)|a++i)d2/ 

must be proportional to since that is the only vector with the correct 
conformal weight in F+ . Note that this implies that there can be no terms 
of higher z-degree, which implies the second part of the Lemma for n — 0. 
By the above reasoning the constant on the right hand side of 

W^i _i[A„+i - A„]W„+i,i_n = const • W„_„ 

is given by 

3p+-l 3p+-l 

n yi-^''-'-'^'- n {I - 'ir-^'-'^-^ dy 

i=l i=l 

2(2p+ - 1) + K_a/(.s) - f (s) 



K4a{s) + 1) + e{s) 
The remaining cases follow in the same way by computing 

^A,+A„+,-A„ f {a^K^{z)S+iy,) ■ ■ ■ 5+(?/(2+.w-i)K,> dy 

[r(2+fc)p_|_-i] 
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for VTi _i[A„+fc - An]Wn+k,i-n, k > -I and 

^A,+A„,,-A„ I {a-\V^-{z)S^{y,) ■ ■ ■ 

[r(2+fc)p_-i] 

-pr (2(2p_ - 1) + /.+a-(g) - f (g) 

= ^2(2p-i)(Qa„-,,„_,(^; -+)) = + + 1 

n+fc,n— 1 

for 1^1,1 [A„+fc - A„]iy„+fc,„_i, A; > -1. □ 

Proof of Theorem\^ Since W^co is a Virasoro descendant of the vacuum |0), 
proving that A^p+,p_ is generated by T {z) {Wi-i, z) and Y{Wiy,z), re- 
duces to showing that all soliton vectors Wn,m can be reached by acting on 
Wqa with the modes of Y{Wi^_i;z) and Y{Wi^i]z). Corollary 15.11 implies 
that Y{Wi^^i\z) commutes with F and Y{Wi^i;z) with it therefore fol- 
lows by induction from Proposition 15.41 that T(z), Y{Wi-i] z) and Y{WiXi z) 
generate A^p+ p_ . It also follows that X^^ is a simple A^p+ p_ submodule of 

I, since any soliton vector of can be reached from any other soliton 
vector by acting with the modes of T{z), Y{Wi^^i] z) and Y{Wiy, z). 

Since /C^^^ and X^^^ are A^p^^p_ -modules their quotient /Ci^i/^^i^i — -^^(0) 
is an A^p^ p -module on which all fields Y{A\ z),A& X^^ act trivially. Thus 
the sequence 

— > A'+i — > ICl^ — > L(0) — y , 
is an exact sequence of A^p^,p_-modules. □ 

Proposition 5.5. Let be the eigenvalues of the zero modes VF„.o[0] 

acting on the generating state Fp for /3 G C and n > 0. 

1. For n > the eigenvalue uJn{P) is a degree A„ polynomial in (3 

(n+l)p+-l (ri+l)p_-l 



un{/3) = {/3\wnAm = n n 



/3 - A,, 



2. The polynomials ujo{(3), u}2{(3) can be written as the following 
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polynomials in hp = ^f3{f3 — ao) 

goQip) = ujo{(3) = const ■ JJ (/i/? - , 

[(«j)]er 

g,{hp) = uj,{pf = const. J] i^p - A,,)^ J] U^^^' Kr,of 

[(ij)]er i=i j=i 

P+-1 P--1 

n {h, - Al,^,of n (^/^ - ^X.;o)' 

g2{hp) = uj2i(3) = const- Y\_ i^P ~ 

[(iJ)]6r 

p+-ip_-i 

n IK^^ - ^i-;o)^ n IK^^ - ^M-;o) 
P+-1 P+-1 
n (^/^ - ^i-;o)' n (^/^ - ^^P-;o) 

1=1 i=l 
P——1 P— ~1 

i=i i=i 

- ^p+,p_;o)(^/3 - ^p+,p-;o) > 

Where T is the Kac table and Ar,s and A^^.q are ^/ie conformal weights 



of Definition 4-10 



Proof. The first statement can be expressed in terms of Jack polynomials 
and evaluated accordingly. 



(n+l)p+-l 



(>i+i)p+-i i=l i=l 

{n+l)p+-l (n+l)p_-l /3 - 

£a_/3(QA+o(«^;'^-)) = n n 



"'° /3(n+l)p+-i,l+j-(n+l)p_ 

The second statement follows from the first by using the identity 

□ 
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5.3 The zero mode algebra and the C2-cofiniteness con- 
dition 

In this section we will determine the structure of the zero mode algebra 
Aq{J\4p^^p_) and the Poisson algebra p(A^p+,p_), as well as prove that A^p+,p_ 
satisfies Zhu's C2-cofiniteness condition. Let Aq = Ao(-^p+,p_)- We will 
first compute relations for the zero mode algebra Aq and then show that 
they imply that the Poisson algebra is finite dimensional and that therefore 
■Mp+,p- satisfies Zhu's C2-cofiniteness condition. 

Proposition 5.6. 1. The A^p+,p_ derivations E,F,H are also deriva- 
tions of Aq. 

2. The Mp^^p_ anti-involution a defines an anti-involution of Aq satisfy- 
ing 

a{[T]) = [T] CT{[Wi,m]) = -[Wi,m]. 

3. We have the following surjection onto the zero mode algebra Aq from a 
subspace oflCf^ 

1 

C[T]© C[T]*[Wi,^]^Aq, 

m=— 1 

where C[T] denotes polynomials in [T] with multiplication *. 

Proof. The first two statements follow because they hold in U[0] and descend 
to ylo- 

We prove the third statement by using Zhu's formulation of the zero mode 
algebra. It follows from Lemma 15.41 and Proposition 12.41 that for n > 2 

Wn,n = const ■ Vri,i[A„_i - Ar,]Wn-l,n~l G 0{Mp+,p_) . 

By applying F multiple times to Wn,n we see that Wn^m ^ 0{Aip^^p_) for 
n > 2 and — n < m < n. From Proposition 12.41 it also follows that the image 
of L_„ for n > 3 satisfies 

L_nA e C[L_2,L_i,Lo]A mod 0{Mp^,p_) . 

Since (Lq + L^i)A G 0(A^p^,p_) we therefore have the following surjection 
of vector spaces 

1 

C[L_2]|0)© C[L^2]Wi,m^AQ. 

m=—l 

Therefore Aq is spanned by polynomials in T and polynomials in T times 
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Theorem E. The zero mode algebra Aq is finite dimensional and satisfies: 

1. The zero mode algebra Aq is generated by [T], [W^i,m]; ^ = "IjO, 1. 

2. The Virasoro element satisfies the polynomials relations 

[W2,0]=^?2([T])=0, 

where the gi are the polynomials of Proposition \5.5i 

3. The products of the generators [Wi^m], ^ = ~1,0, 1 are given by 





[Wi.-i] 




[Wi.i] 


[Wi,-i] 





-/([r])[M/i,_i] 


~g,m)-f{[TmW,,o] 












-gim) + fmwi,o] 








where f is a degree less than Ai/2 polynomial and the gi are the poly- 
nomials of Proposition 15.51 

4- The commutators of generators [Wi^m], ^ = "1,0,1 are given by 

[[w^i,o], [w,A] = -2/([r])[m,i] , [[w^i,o], = 2/([r])[w^i,_i] , 

[[Pri,i],[W^i,_i]] = 2/([T])[iyi,o], 

Proof. Since [1^2,0] vanishes in Aq, we obtain g2{\T\) = from Proposition 
15. 5[ The finite dimensionahty of Aq then follows from Proposition 15.61 and 

92m) = 0. 

The relation [Wi^-tiJ^ = follows from the fact that W^i,±i * Wi^±i = in 

r+ ' 

To show that [^^1,0]^ = we recall that 

Wifl * Wi,o e U{C)\0) © U{C)Wi,o C /C+i . 
This implies that in Aq 

[w,,o] ■ [w,,o] = gm) + ~9mwi,o] ■ 

By applying cr to both sides we get 

{W,,o]-[W,,o]=9m)-~gmWi,o], 
therefore g = and g = gihj Proposition 15.51 
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To show the relation for [Wi^] ■ recall that 

This implies that in Aq 

[w^i,o]-[w^i,-i] = /(m)[iyi,_i]. 

for some degree less than Ai/2 polynomial /. We take this to be the poly- 
nomial / in the theorem. The remaining relations follow by the application 
of E and cr to the above relations. □ 

Theorem F. 1. The Poisson algebra p{Aip^^p_) is finite dimensional and 
-^p+,p_ therefore satisfies Zhu's C2-cofiniteness condition. 

2. As a commutative algebra p(A^p+,p_) is generated by [T], [W^i^o] 
and [Wi^i]. 

3. The maps E,F and H act as derivations on p{Aip^,p_). 
I 



[Wi,±i]l = 



2 _ ^ 

2 



[V^^i,i]p ■ [W^i,-i]p = -[Wi,o 

[Wi,o]l = const -[Tf^ 

Proof. The second statement follows from Theorem [D] and the third from 
Corollary 15.11 

The first relation of the fourth statement follows from 

iyi,±i[-Ai]iyi,±i =0. 

the second relation follows by applying E"^ to [VTi.-i]^ = 0. The third relation 
is a consequence of Proposition 12.111 The relation [W^i,o]^ = in 
becomes 

[1^1,0] = const ■ [T]^' 

in GrAi(Ao) and therefore the same relation follows in p(A^p+,p_). 

The Poisson algebra p(A1p+,p_) is finite dimensional because it is finitely 
generated and that all of its generators are nilpotent. □ 
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5.4 Classification of simple A4p_^,p_ modules 



In this section well will classify all all simple modules of the zero mode algebra 
and of A^p+,p_. We will see that all simple A^p^,p_-modules can be either 
realised by minimal model modules Lr^s or submodules of the lattice modules 



' r,s 



Proposition 5.7. Let Kf^ and he the Virasoro modules of Proposition 



4-.12, where 1 < r < p+, 1 < s < 



1. ThefCfg and are M.p^ .p_-modules. 

2. The are simple M.p^^p -modules for 1 < r < 1 < s < p_. 

3. For l<r<p+, 1 < s < p^ the modules JC^^ satisfy the exact sequences 

A'^^ /C+^ L[r,s] , 
where the arrows are Mp^^p -homomorphisms and 

L[r,s] = -^[p+-r,p_-s] = ^■r,s/ '^r\s ~ -^(^r,s;o) 

are the simple modules of the minimal model VOA Min Vir^^^ ^_ . 

4- For 1 < r < p+, 1 < s < p_ the spaces of lowest conformal weight 
^rs[^r,s]o] X^^[A^^] of JC^^ and X^^ are one dimensional and the 
zero modes Vri^m[0], m = —1, 0, 1 act trivially. The spaces of lowest con- 
formal weight /C~^ [^rsl = '^r s I'^rsl ^r.s = '^r\s '^'^^ ^'"^^ dimcnsional 
and the zero modes Wi^ml'^],^ = ~1)0, 1 act non-trivially. 

Proof. The fact that JCf^ and X^i^^ are A^p^,p_ -modules follows analogously 
to the proof of Theorem [D] by showing that Y{Wi^±i] z) act transitively on 
the soliton vectors. This then also implies that the X^^ are simple. 

The L[r,s] are A^p^_p_ -modules, because they are quotients of A^p+,p_- 
modules. They are simple, because they are already simple as Virasoro 
modules. 

The spaces of lowest conformal weight of /C^^ are just C|/3r,s:o) while for 
X^^ they are V^%q. □ 

For a simple A^p_^^p_- module M let M be its corresponding simple Aq- 
module. 

Proposition 5.8. The simple modules of the zero mode algebra correspond- 
ing to the simple Mp_^_^p_ -modules of Proposition \57i\ have the following struc- 
ture: 
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1. For 1 < r < 1 < s < p_ the simple AQ-modules L[r^s] = -^[p+-r,p_s] 
are 1- dimensional. The Virasoro [T] element acts as Ar^s ■ id, while the 
[Wi^m] act trivially. 

2. For 1 < r < p^, 1 < s < p^, the simple Ao-modules A'+g are 1- 
dimensional. The [Wi^m] act trivially, while the Virasoro element acts 
as 

[T] = Ks;0 ■ id . 

3. For 1 < r < p+, 1 < s < the simple A^-modules are 2- 
dimensional. Let v± he a basis such that 

v_ = [Wi^_i]v+ , 

then 

[T]v± = A-,.oV± 
[W^,o]v± = Tfm)v± 
and A~g.Q is not a root of /{his). 
Proof. Recall the structure of the K.^^ and X^^^ as laid out in Proposition 

Km 

1. For 1 < r < p^, 1 < s < p^ the factorisation of u)i{(3) in Proposition 
15.51 contains a factor /i^ — A^^^. Therefore the Aq generator [Wi^q] acts 
trivially on L^^.s]- By applying E and F one sees that [VTi.ii] must also 
act trivially. Thus [T] is the only generator of Aq that acts non-trivially 
on L[r,s] and it acts by multiplying by the conformal weight Ar^s- 

2. The case for follows in the same way as for L^r^s]- 

3. For 1 < r < 1 < s < the zero modes iyi^m[0],'m = —1,0,1 
act non-trivially on the two dimensional soliton sector V^^.q C X'^. 
Therefore there exits a basis v± of such that 

V- = [Wi-i]v+ v+ = const[Wi,i]f 

It then follows from the relations of Ao and the conformal weight of 
V~g.Q that 

[T]v± = A-^.oV± 

[Wi,o]v± = Tfm)v±- 

Since [Wi,o] acts non-trivially on the conformal weight A^^ cannot 
be a root of f{hp). 
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□ 



Theorem G. The list of2p^p- + (p+ — — l)/2 simple Aip^^p_-modules 
and simple A^-modules of Propositions \5. 1\ and \5.^ are a full classification of 
all simple A4.p^^p_- and A^-modules. 

Proof. From Theorem [El we know that g2{\T]) = in Aq. Therefore the 
minimal polynomial of [T] must divide g2{[T]), that is the conformal weight 
of any simple Ao-module must be a zero of g2{hi3). The list of simple A^- 
modules in Proposition 15.81 exhausts all these possibilities, therefore there 
can be no other inequivalent modules other than those listed. □ 



5.5 The Whittaker category Alp_^,p_-Whitt-mod 

Let A^p^,p_-mod be the category of left A^p_^,p_-modules. Then in the sense 
of abelian categories any object M of Aip^^p_-m.od has a finite Jordan-Holder 
composition series and the simple objects of A^p^^p_-mod are given by 

{L[r,s]\l <r <p+,l < s <p^}U {X,%\1 <r<p+,l<s<p^}. 

Definition 5.9. We define the full subcategory Aip^^p_ - Whitt-mod of M.p^^p_ - 
mod as the category of all objects M G J^p^^p_-mod such that the composition 
series of M only contains simple objects in 

R^Jl<r<p+,l<s<p_}. 

We call the category M.p^p_-Whitt-mod the Whittaker category of A^p+,p_- 
mod and the objects of M.p^^p_-Whitt-mod Whittaker A^p^p_ -modules. 

The full subcategory A^p^ ,p_- Whitt-mod has properties crucial to devel- 
oping the conformal field theory associated to A^p+,p_. 



6 Concluding remarks and further problems 

Since the VOA A^p_,^,p_ satisfies the C2-cofiniteness condition, one can de- 
velop the conformal field theory over general Riemann surfaces associated 
to M.p^^p_. A paper on this subject is being prepared by the first author 
together with Hashimoto |HTj . 

We have some conjectures regarding the conformal field theory over gen- 
eral Riemann surfaces associated to A^p+.p_. By considering the conformal 
field theory on the Riemann sphere associated to A1p+,p_, the fusion tensor 
product ® induces the structure of a braided monoidal category on A^p+,p„- 
mod. However, as was noted in |GRW] . this fusion tensor product is not 
exact on A^p^^p -mod. We conjecture the following: 
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1. The full abelian subcategory Virgin C A^p^_p_-mod, generated by the 
simple modules 

{L[r,s] = |1 < r < p+, 1 < S < p_} 

forms a tensor ideal in A^p^ p -mod . Thus A^p_j,,p_-Whitt-mod is 
endowed with a quotient braided monoidal structure (A^p^^p_-Whitt- 
mod, (g)). 

2. The category (A^p^_p_-Whitt-mod, ®) is rigid as a monoidal category. 

3. In their seminal paper |FGSTaj Feigin, Gainutdinov, Semikhatov and 
Tipunin defined the quantum group 0p+,p_ - a finite dimensional com- 
plex Hopf algebra. They determined all simple modules of Sp+,p_ 
and their projective covers. There are exactly 2p+p_ simple modules, 
which is also the number of simple objects in A^p^ p_-Whitt-mod. The 
Hopf algebra 0p+,p_ is not quasi-triangular, nevertheless, we expect the 
monoidal category (flp^ p_-mod, ®) to be braided. Since Sp+,p_ is a 
Hopf algebra, (0p^^p_-mod, ®) is a rigid monoidal category. We there- 
fore conjecture that 

(A^p+,p_-Whitt-mod, ®) = (5p+,p_-mod, ®) 

as braided monoidal categoriesjl] 

4. In [FGSTaj it was also shown that the centre ^(0p+,p_) of 0p+,p_ is 
|(3p+ — l)(3p- — 1) dimensional and carries the structure of a SL(2, Z)- 
module. The space of vacuum amplitudes of A^p^,p_-mod on the torus 
also carries an SL(2,Z) action. Explaining the relation between these 
two SL(2,Z) modules will be an important future problem. 

5. The universal enveloping algebra ?7(A^p+,p_) contains the elements 
Lo,Wnfl[0],n > 0. We conjecture that these elements are mutually 
commuting in f/(A^p+,p_). 

6. The Frobenius currents E{z),F{z) and H{z) in End(A^p^^p_)[[2;, 

are local to each other. We conjecture that they satisfy the relations 
of an affine Lie algebra of type sl2 at level 0. So by the adjoint action 
the universal enveloping algebra t/(A^p+,p_) carries the structure of 
a representation of an affine Lie algebra of type si2 at level 0. We 
conjecture that this representation has the crystal structure of |Kasj . 

^The first author attributes tliis conjecture to exciting discussions with Semikhatov 
and Tipunin during his stay in Moscow in January 2013 and is convinced of its validity. 
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7. For any simple Lie algebra g of ADE type and any pair of coprime 
integers p+,P- > h, where h is the Coxeter number of q, one can 
define an extended l^-algebra A4p^,p_ (g) of type q at positive fractional 
level. If = sl2 then A^p+,p_(st2) = A^p+,p_- We conjecture that these 
extended algebras will have a similar structure to A^p_,.,p_ such as C2- 
cofiniteness; 2i screening operators, where £ is the rank of g; Frobenius 
currents satisfying the relations of affine g at level 0; and so on. 
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